Abstract: Non-traditional whispering gallery modes are studied in a glass microsphere. Geometrical ray tracing is used to explain and calculate these modes. Thermal emission and Raman scattering are used as an internal light source to excite these modes inside the glass microsphere. The thermal and Raman emission spectra are modified due to the existence of these modes. Fourier analysis is then used to distinguish the individual modes. The understanding of these non-traditional WGM may lead to alternative design strategies for sensor applications or laser cavity configurations.
Introduction
Whispering gallery modes (WGM) have been widely investigated for sensing [1, 2] and lasing [3, 4] . High quality factor WGM have also been used to study nonlinear properties of glass spheres [5] . A good theoretical understanding of the geometrical quantization of eigenmodes started with the pioneering work of Keller [6] . Comprehensive studies of geometrical and wave optics based theory provided a physical picture of Mie resonances [7, 8] and WGM [9] [10] [11] [12] [13] . Tsutaru et al. demonstrated a low threshold laser lasing in a 'non-WGM excitation' mode in a bubble-containing glass microsphere [4] . However, no explanation was proposed for the light path of their 'non-WGM excitation'. It was however remarked that excitation was different compared to that of "normal" WGM excitation. In this study, it is demonstrated that there are many more possibilities for resonating modes that can exist inside a microsphere, other than normal WGM, which propagate along the interface between a sphere or a disk and the surrounding medium. A relatively simple mathematical approach to find these modes will be explained on the basis of geometrical optics by ray tracing. Some of these possible modes are subsequently demonstrated experimentally. The understanding of these non-traditional WGM may lead to alternative design strategies for sensor applications or laser cavity configurations.
Geometrical mode calculation
Ioppolo et al. presented [13] a ray picture of a normal WGM, where the light was bouncing multiple times on the interface and back to its starting point after one round trip in a circle. The number of bounces was proposed to be very large in order to explain the conventional WGM, which propagates along the interface. However, as will be shown here, with a reduced number of reflections, many more resonating modes exist inside a sphere. Due to the law of reflection and the spherical geometry, all light rays are in a single plane which passes through the center of the sphere. Therefore, all the modes can be studied in a 2D circle. In this section, a method will be introduced to systematically calculate all possible geometrical modes in a circle. Additionally, a systematic label to these modes will be introduced first, as a way to individually distinguish these modes.
Nx2π-mode
Here the definition will be introduced of the Nx2π system to systematically refer to the modes and the definition will be explained with examples.
A resonating mode is a mode that overlaps with itself after certain distance of propagation. In a geometrical picture the light ray returns to an original location with the same direction. During light propagation, each reflection on the interface leads to a change in direction by angle θ change in the propagation direction. The 'Nx2π' in the mode name describes the total propagation direction change when the light ray for the first time overlaps with itself.
The simplest example is a 1x2π-mode, where a light ray overlaps with itself after one round trip (thus N = 1) with J times reflections on the interface. The smallest J is 2 where the light ray passes through the center of the sphere and the angle θ change = 180° for every reflection. In order to give an general explanation, an example of J = 3 is shown in Fig. 1 . In this example, the light ray overlaps with itself for the first time after J = 3 reflections. The total propagation direction change is 360° (2π). Due to the circular geometry, every reflection has the same incident angle θ i and change in propagation direction θ change . Therefore, they can be calculated as:
If θ i is smaller than the critical angle, then some light will refract out of the sphere with a refraction angle of θ r . Otherwise, the light experiences total internal reflection. The length between adjacent reflection points is:
where R is the radius of the circle. The total optical path length of this mode is:
where n 1 is the refractive index of the material of the sphere. This L op is an approximation for the situation that L br is much bigger than the wavelength λ. Thus the influence to the optical path length due to the phase delay at each reflection can be neglected. Fig. 1 . Side view of the ray picture of the second 1x2π-mode. R is the radius of the circle. θ i is the incident angle (the same as the reflection angle). L br is the length between adjacent reflection points. θ r is the refraction angle (in case of θ i is smaller than the critical angle). θ change is the change in propagation direction between reflections. n 1 and n 2 are the refractive index of the sphere and surrounding material respectively.
For a Nx2π-mode with the N bigger than 1, the light does not overlap with itself after 1 round trip inside the sphere, but after N times round trip. Therefore the total propagation direction changes is Nx360° (Nx2π). Thus, Eq. (1) will be written more generally as:
With Eqs. (2)- (5), the optical path length of every mode becomes:
As J changes, there are multiple number of modes in a Nx2π-mode set. There are identical solutions with different N, J combination. For example, N = 2, J = 6 is the same mode as N = 1, J = 3. In order to address all the individual mode and exclude the degenerate ones, a number M is introduced to name the individual mode as N_M mode. M means the M th unique mode in the Nx2π-modes, where the mode numbering starts with N = 1 in order of increasing J. The first few N_M modes are shown in Fig. 2 to demonstrate the mode characterization system. 
Mode detection principle

Spatial detection
Due to the center symmetry of a sphere, light emitted perpendicular to the sphere surface should be uniform everywhere on the surface. However, in the experimental situation ( Fig. 3) , an objective lens above the sphere is used to collect the light. In this way, a maximal detection efficiency occurs for the light propagating straight up.
For a mode with an incident angle θ i smaller than the critical angle, light leaves the sphere mainly by refraction. The strongest detection of this mode should be at the location where the refracted light goes straight up. For example, the detected maximum from the top view should be at the center for the 1_1 mode ( Fig. 2 ) and the detected maximum should be in between the center and edge for the 1_2 mode ( Fig. 1) .
For a mode with an incident angle θ i equal to or larger than the critical angle, light leaves the sphere mainly by scattering at the surface. If it is assumed that the surface roughness is uniform and the scattered light intensity is the same in all directions, then the expected detection maximum is on the edge of the sphere in the top view. This is due to the fact that the pixels in the image are uniform in size and will, hence, collect from a larger surface area on the edge of the sphere than from the top of the sphere. In the other case, where it is assumed that the forward scattering from the surface is stronger than in any other direction, the expected detection maximal location is still on the edge of the sphere when viewed from the top. This is due to the fact that the light from the edge has a propagation direction that is directly into the opening angle of the objective. This means all the modes with an incident angle θ i equal to or larger than the critical angle are expected to be detected on the edge of the sphere when viewed from the top.
Optical path length detection
Interference happens when the light ray overlaps with itself after one or more round trips. For a given mode, with optical path length of L op (N, M), certain wavelengths can fit integer numbers and lead to constructive interference while others lead to destructive interference. This means a spectral intensity modification based on the L op of a mode will occur. A Fourier analysis of the scattered light spectrum, which is commonly used in Fourier domain optical coherence tomography (OCT), can be used to identify the L op of all the modes [14] .
Experimental setup
Light source inside sphere
In order to better detect all possible modes inside a sphere, there are two requirements for the light source. First, a light source with a broad range of propagation directions inside the sphere is preferred, in order to excite as many modes as possible. Second, a light source with a smooth spectrum is preferred. Thus, any spectral modulation on top of the smooth spectrum is the result of interference of the modes with themselves after one or more round trips. Previously, WGM in micrometer-sized polystyrene spheres were visualized after electron beam induced deposition and subsequent laser irradiation to generate a local light source [15] .
In the present experiments a different approach was chosen to generate a local light source. Two different light sources have been used namely thermal emission and Raman scattering inside a glass sphere. Both the thermal emission and Raman scattering are generated inside the glass sphere and propagate in all directions. The spectrum of the glass Raman scattering is not as smooth as that of thermal emission. However, the band of Raman scattering of glass is much wider than the modulation period caused by the mode interference of our large glass sphere. Therefore, the glass Raman spectrum is sufficiently smooth for our experimental condition. Thus, both these two light sources fulfill the two requirements mentioned above.
Equipment
The detection of the light scattering from modes in a sphere was performed with a confocal Raman micro spectrometer from Hybriscan Technologies B.V. integrated in a focused ion beam scanning electron microscope (FIB-SEM). The detection sensitivity of a Raman micro spectrometer system is advantageous to detect the low thermal light levels at the experimental temperature of ~580 °C. The integrated system enables correlative optical and electron microscopic analysis combined with focused ion beam sample modification on a correlated sample location. A mechanical stage is used to move the sample in between the FIB, SEM or optical microscope in the same vacuum chamber [16] . Figure 3(a) presents the experimental configuration, where the FIB (not shown) is behind the SEM end lens. The excitation laser in the Raman microscope has a wavelength of 785 nm and a maximal power of ~36 mW. The spectral detection range is from 806 nm to 988 nm. A more detailed description of the FIB-SEM-Raman system can be found in [16] .
The electron beam is used to image the sample and locally deposit hydro-carbon material through a process known as electron beam induced deposition (EBID). The locally deposited hydro-carbon leads to an increase in light absorption and in this way increases the thermal emission by an increase of the emissivity, as predicted by Kirchhoff's law of thermal radiation. The FIB beam is used at low power and acts as an alternative way of hydro-carbon deposition.
The sample used in our experiment is soda-lime silica glass micro spheres (SigmaAldrich, 59200-U acid-washed). The glass spheres are heated to ~580 °C for a detectable thermal emission in our spectral detection range. The melting of the glass spheres (~600 °C) prevents a higher experimental temperature. The heating configuration is shown in Fig. 3(a) where the glass spheres are spread on top of a copper foil with low emissivity, to suppress thermal emission of the background. The copper foil is placed on top of a heater/sensor (Heraeus HD 421, Pt 100) with carbon paste (C-paste) in between the copper foil and the heater for better heat conductivity. A top view of the whole sample is shown with a SEM image in Fig. 3(b) . The thermal emission of a small drop of C-paste on top of the copper foil is used to acquire a better reading of the temperature on top of the copper foil.
Experimental procedure
One glass sphere, Figs. 3(c) and 3(d) , is used as an example for all measurements discussed below. The glass sphere is heated to ~580 °C then the detection system of the confocal Raman microscope is used, with the Raman excitation laser off, to scan an area of 110 µm by 110 µm with a step size of 2 µm and the objective focused on the equatorial plane of the sphere. Due to the low thermal emission in the detected spectral range at this temperature, each spectrum is integrated for 10 seconds. The total scan time is ~10 hours for a 56 by 56 point image. In this way sufficient signal to noise ratio was obtained for the application of Fourier transform analysis.
One way to increase the light emission from the glass sphere without increasing the temperature is increasing the emissivity of the glass sphere. Based on Kirchhoff's law of thermal radiation, the emissivity increases with an increased absorption. In our experiment, the absorption was increased by EBID of hydro-carbon material on the glass sphere with SEM or FIB. The precise amount of deposition is unknown since it highly depends on the amount of hydro-carbon inside the vacuum chamber [17] and there is no quantitative control over the trace amounts. Therefore, all the depositions are only used qualitatively to indicate an increase in the total emissivity. In order to further increase the light emitted inside the glass sphere, Raman scattering from the glass is added to the thermal emission in the last experiment. This is achieved by switching on the Raman excitation laser (36 mW) and maintaining the temperature of the glass sphere at ~580 °C.
Experimental results
Measured spectra and their Fourier transform (FT) plot
Examples of measured spectra are shown in Fig. 4(a) . The FT spectra are shown in Fig. 4(b) . In the FT spectra, a peak at an optical path length difference signifies constructive interference for those light paths. In our spherical sample, it means a mode interference with itself after one round trip. Therefore, a peak location in the FT plot is corresponding to the L op of a mode.
The thermal spectrum example is measured at the center of the sphere (in the top view). At this location, only the 1_1 mode, round trip of two times of diameter, is expected. The optical path length, L op , of this mode can be calculated by Eq. (6) with N = 1, J = 2, R and n 1 . However, the R and n 1 of the sphere at the elevated temperature are not known precisely. Thus we calibrate the 1 67.57 R n ⋅ = µm with the measured L op of the 1_1 mode. This number is then used to calculate the optical path length for all the other modes.
The Raman plus thermal spectrum example is measured on the edge of the sphere (in the top view). In principle, all the modes with an incident angle θ i equal or larger than the critical angle (~41°) are expected. In practice, a limited number of modes are identified as shown in Fig. 4(b) as a result of the finite signal to noise ratio. Mode 2_2 and 3_4 have the incident angle θ i of 38.6° and 40.9° respectively, which are smaller than the critical angle. Their expected detection maximum is very close to the edge of the sphere. Due to the finite mode size and limited spatial resolution, all the modes appear to emit from the edge. In this present work, we have only focused on the detection of modes and agreement with the proposed model. It is therefore relevant to know whether a mode exists or not and if it exists whether the mode has a peak at the predicted L op location. The understanding of the peak height relation is planned for future work. The suffix is used to indicate the optical path length of 2 or 3 times of the L op . This is caused by the light interference in that mode with itself after 2 or 3 times round trip. Fig. 5 . An overview of all 12 measured modes. The column at the extreme right has the name of the modes, their incident angle and the calculated and measured optical path length. Three modes with gray background are the modes detected also with multiple round trip. The second right column is the ray pictures (side view) of corresponding modes. The little arrows in mode 1_1, 1_2, 2_2 and 3_4 are used to indicate the location and direction of the detected refracted light. All the other images are the corresponding mode images (top view) constructed by integration over the L op peak in the Fourier transform spectra of each mode at all scanned locations. The sphere is not perfectly round in the scanned top view. This is due to a small drift in the electron microscope scan stage during the long measurement time of ~10 hours.
Mode image and averaged FT plot over the mode area
The spatial distribution of a mode from the emission, a mode image, can be obtained by plotting the amplitude of the peak in the FT spectrum, corresponding to a certain mode number, at every location in the image. All the modes obtained in this experiment are shown in column 1-6 in Fig. 5 . Column 7 is the ray pictures (side view) of corresponding modes. Column 8 presents the name of the mode, their incident angle and the calculated and measured optical path length. In practice, the mode image is very helpful to identify modes with a weak signal. For example, mode 4_5 is very difficult to discern in Fig. 4(b) , however, by comparing the mode image at the L op position and just beside it, a slightly brighter edge on the sphere can be recognized by eye at the L op position for the 4_5 mode.
As the number of SEM or FIB depositions increases, the brightness of the local light field increases and the detectable number of modes also increases. This is due to the fact that an increase in thermal emission leads to a better signal to noise ratio, which subsequently helps with the mode identification.
In Fig. 5 , column 6, it can be noted that a bright spot occurs close to the right-hand edge of the sphere in all mode images measured with the laser on. This spot should be ignored for the purpose of this study, as it results from a too high hydro-carbon deposition at that location during the second SEM deposition. This leads to an additional local temperature increase when the Raman laser is illuminating this location and hence the bright feature in the thermal emission spectrum.
All detected modes in this sample are located in the white area as shown in the insert of Fig. 6 . By averaging all the FT spectra in this white area, an image of the FT spectra from all modes is obtained (the main plot of Fig. 6 ). The signal to noise ratio in this averaged FT plot is much better than the one in Fig. 4(b) . Thus all the detected modes are more easily observed in this averaged FT plot. The difference in L op between calculation and measurement is smaller than 0.2% for all modes. 
Overview of the calculated and measured modes
An overview of all the calculated modes and measured modes in our sample are shown in Fig.  7 . In order to generalize the figure to any sphere size and refractive index, a normalized round trip optical path length is used which considers R·n 1 as unit one in Eq. (6) . In this figure, the first N = 1, 2, …7 sets of Nx2π-modes are calculated as example. The most left-hand mode in each set has a M number M = 1. The M number increases in the same order as the incident angle θ i . M approaches infinity when θ i approaches 90°. The normalized round trip optical path length approaches to N·2π when θ i approaches to 90°.
In our glass sphere sample, the critical angle and all the measured modes are marked in Fig. 7 . There are only a few modes detected with θ i smaller than the critical angle. This is due to the loss of refracted light at each reflection. There are more modes detected with θ i bigger than the critical angle. However, at this moment, it is not fully understood why the detected FT intensity of these modes are different, which is the subject of ongoing research. Fig. 7 . Calculated normalized round trip optical path length as a function of incident angle for different modes. Normalized optical path length considers the R·n 1 as unit one. Therefore, all the calculated modes can be universally applied to any spherical sample regardless the size and refractive index. All the modes measured in our sample are marked with a red circle. The dashed vertical line indicates the critical angle (~41°) in our sample.
Conclusions and suggestions
In this work, a systematic way was presented to calculate all possible ray modes inside a sphere or a circle. The normal WGM is one of the 1x2π-modes with θ i close to 90°. By using the thermal emission and the Raman scattering from glass as an internal light source, it was possible to experimentally detect 12 different modes. All the detected modes have a measured optical path length, L op , close to the predicted ones within 0.2% difference. Small differences may occur because the glass bead may not be a perfect, homogeneous sphere and the phase change during each reflection was not considered in our model. Similar results have been observed on several glass beads. The good correspondence of the theoretical prediction with the experimental observation is taken as evidence of the existence of these geometrical modes.
Now that the existence of these modes is proven, next steps to study the properties of these modes can be undertaken. Here, we propose three aspects which can be further studied. First, the beam size at every location along a mode path would deliver essential information for the calculation of the coupling efficiency of an external or an internal light source to a certain mode.
Second, properties for different polarization states of the light field should be studied. For example, the modes with θ i smaller than the critical angle are expected to be highly polarized due to the reflectivity difference at different polarization. On the other hand, the phase delay difference for different polarization will influence the modes with total internal reflections.
Third, it may be emphasized that the Q factor of each mode is important to know or compare with the normal WGM under the same condition. The potential applications of these modes may strongly depend on the Q factors of these modes. The variation in Q factor may also explain the peak height difference in the FT spectra in Fig. 6 .
Here we propose two possible applications based on two known properties of the Nx2π-modes. First, the optical path length of a mode with N > 1 can be much larger than the optical path length of the circle (or sphere) perimeter. For example, the L op of the mode 6_4 is 5.3 times larger than the perimeter. This means an effectively larger cavity can be realized by exciting a mode with larger N. This could be interesting for integrated optical devices, where a larger optical path length could be realized without increasing the physical size of a disk. Thus improving the integration density.
Second, sensing through one or a few modes could in principle extract the presence and distribution of the sensed subject, since each mode occupies a difference space inside the circle or the sphere.
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